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Inthisresearchwork,ouraimistodeterminethecontiguousfunctionrelationsfor𝑘-hypergeometricfunctionswithoneparameter
corresponding to Gauss fifteen contiguous function relations for hypergeometric functions and also obtain contiguous function
relations for two parameters. Throughout in this research paper, we find out the contiguous function relations for both the cases in
terms of a new parameter 𝑘>0 . Obviously if 𝑘→1 , then the contiguous function relations for 𝑘-hypergeometric functions are
Gauss contiguous function relations.
1. Introduction
The hypergeometric function 2𝐹1(𝑎,𝑏;𝑐;𝑧)plays an impor-
tant role in mathematical analysis and its applications. This
function allows us to solve many interesting problems, such
asconformalmappingoftriangulardomainsboundedbyline
segments or circular arcs and various problems of quantum
mechanics. Most of the functions that occur in the analysis
are special cases of the hypergeometric functions. Gauss first
introducedandstudiedhypergeometricseries,payingspecial
attention to the cases when a series can be summed into an
elementary function. This gives one of the motivations for
studying hypergeometric series; that is, the fact that the ele-
mentary functions and several other important functions in
mathematics can be expressed in terms of hypergeometric
functions.Hypergeometricfunctionscanalsobedescribedas
solutionsofspecialsecondorderlineardifferentialequations,
the hypergeometric differential equations. Riemann was the
firsttoexploitthisideaandintroduceaspecialsymboltoclas-
sifyhypergeometricfunctionsbysingularitiesandexponents
of differential equations. The hypergeometric function is a
solution of the following Euler’s hypergeometric differential
equation𝑧(1−𝑧)(𝑑
2𝜔/𝑑𝑧
2)+[𝑐−(𝑎+𝑏+1)𝑧](𝑑𝜔/𝑑𝑧)−𝑎𝑏𝜔 =
0, which has three regular singular points 0, 1, and ∞.Th e
generalization of this equation to three arbitrary regular sin-
gular points is given by Riemann’s differential equation. Any
secondorderdifferentialequationwiththreeregularsingular
points can be converted to the hypergeometric differential
equation by changing of variable.
Ontheotherhand,intheoryofhypergeometricfunction,
the terminology contiguous function was introduced for the
caseinwhichoneoftheparametersisshiftedby±1.Forexam-
ple,𝐹(𝑎+1,𝑏;𝑐;𝑧)iscontiguousto𝐹(𝑎,𝑏;𝑐;𝑧).Gaussdefined
two hypergeometric functions to be contiguous if they have
the same power series variable and if two of the parameters
are pairwise equal and if third pair differs by ±1. He proved
thatbetween 2𝐹1(𝑎,𝑏;𝑐;𝑧)andanytwoofitscontiguousfunc-
tions, there exists a linear relation with coefficients at most
linear in 𝑧. These relationships are of great use in extending
numerical tables of the function, since, for one fixed value of
𝑧,i ti sn e c e s s a r yo n l yt oc a l c u l a t et h ev a l u eo ft h ef u n c t i o n
over two units in 𝑎, 𝑏,a n d𝑐, and apply some recurrence
relationsinordertofindthefunctionvaluesoveralargerange
of values of 𝑎, 𝑏,a n d𝑐 in this particular 𝑧-plane. Since there
aresixcontiguousfunctionstoagivenfunction 2𝐹1,Gauss[1]
g o tat o t a lo ffi ft e e nr e l a t i o n s .I nf a c t ,o n l yf o u ro ft h efi ft e e n
arereallyindependentasallothersmaybeobtainedbyelimi-
nationanduseofthefactthatthe 2𝐹1 issymmetricin𝑎and𝑏.
Applications of the contiguous function relations range
from the evaluation of hypergeometric series to the deriva-
tion of the summation and transformation formulas for such
series;thesecanbeusedtoevaluatethecontiguousfunctions
to a hypergeometric function. For this, in a series of three
researchpapers,Lavoieetal.[2,3]haveobtainedalargenum-
ber of very interesting results contiguous to Gauss second,
Kummer, and Bailey theorems for the series 2𝐹1.F o rm o r e
details about hypergeometric series and their contiguous
relations, see [4–10].
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In 1996, Morita [11]u s e dG a u s sc o n t i g u o u sr e l a t i o n si n
computing the hypergeometric function 2𝐹1[𝑛 + 1/2,𝑛 +
1/2;𝑚;𝑧].I n1 9 9 6 ,G u p t ae ta l .[ 12] derived contiguous rela-
tions, basic hypergeometric functions, and orthogonal poly-
nomials. In 2002, Vidunas [13] generalized the Kummer
identity by using the contiguous relations. In 2003, Vidunas
[14] defined several properties of coefficients of these general
contiguous relations and then used them to propose effective
ways to compute contiguous relations. In 2006, Rakha and
Ibrahim [15] obtained some interesting consequences of the
contiguous relations of 2𝐹1.I n2 0 0 8 ,I b r a h i ma n dR a k h a[ 16]
derived the contiguous relations and their computations for
2𝐹1 hypergeometric series. They obtained the interesting for-
mula as a linear relation of three shifted Gauss polynomials
in the parameters 𝑎, 𝑏,a n d𝑐.
D´ ıaz et al. [17–19]i n t r o d u c e d𝑘-gamma and 𝑘-beta func-
tions (𝑘>0 )a n dp r o v e dan u m b e ro ft h e i rp r o p e r t i e s .Th e y
have also studied 𝑘-zeta functions and 𝑘-hypergeometric
functions based on Pochhammer 𝑘-symbols for factorial
functions. Very recently, many researchers [20–23]f o l l o w e d
theworkofD´ ıazetal.,theystudiedandobtainedsomeconse-
quence results of 𝑘-beta, 𝑘-gamma, 𝑘-zeta, and 𝑘-hypergeo-
metric functions and their properties. In 2009, Mansour [24]
obtained the 𝑘-generalized gamma function Γ𝑘(𝑥) by func-
tional equations. In 2012, Mubeen and Habibullah [25]
defined 𝑘-fractional integration and gave its applications
regarding fractional integrals. In 2012, Mubeen and Habibul-
lah [26] also gave a useful and simple integral represen-
tation of some confluent 𝑘-hypergeometric functions 1𝐹1,𝑘
and 𝑘-hypergeometric functions 2𝐹1,𝑘.F u r t h e r m o r e ,i n2 0 1 3 ,
Mubeen [27]definedasecondorderlinear𝑘-hypergeometric
differential equation 𝑘𝑧(1 − 𝑘𝑧)𝜔
򸀠򸀠 +[ 𝑐−( 𝑎+𝑏+𝑘 ) 𝑘 𝑧 ] 𝜔
򸀠 −
𝑎𝑏𝜔 = 0havingonesolutionintheformof𝑘-hypergeometric
function 2𝐹1,𝑘(𝑎,𝑏;𝑐;𝑧).
2. Basic Concepts
In this section, we present the definitions of some basic
concepts in the term of new parameter 𝑘>0 .
Definition 1. Two hypergeometric functions are said to be
contiguous if their parameters 𝑎, 𝑏,a n d𝑐 differ by integers.
Th er e l a t i o n sm a d eb yc o n t i g u o u sf u n c t i o n sa r es a i dt ob e
contiguous function relations.
Definition 2. Let 𝑘>0 ; then the Pochhammer 𝑘-symbol is
definedby(𝑎)𝑛,𝑘 = 𝑎(𝑎+𝑘)(𝑎+2𝑘)⋅⋅⋅(𝑎+(𝑛−1)𝑘),fo r𝑛≥1 ,
𝑎 ̸ =0,a n d(𝑎)0,𝑘 =0 .
Definition 3. For 𝑘>0and 𝑧∈C,t h e𝑘-gamma function Γ𝑘
is defined by
Γ𝑘 (𝑧) = lim
𝑛→∞
𝑛!𝑘
𝑛(𝑛𝑘)
𝑧/𝑘−1
(𝑧)𝑛,𝑘
. (1)
Its integral representation is also given by
Γ𝑘 (𝑧) = ∫
∞
0
𝑡
𝑧−1𝑒
−𝑡
𝑘/𝑘𝑑𝑡. (2)
The relation between Pochhammer 𝑘-symbol and 𝑘-gamma
function is given as follows:
(𝑧)𝑛,𝑘 =
Γ𝑘 (𝑧+𝑛 𝑘 )
Γ𝑘 (𝑧)
. (3)
Furthermore, we can write 𝑘-gamma function in terms of
ordinary gamma function in the following form:
Γ𝑘 (𝑧) =𝑘
𝑧/𝑘−1Γ(
𝑧
𝑘
). (4)
Definition4. The𝑘-hypergeometricfunctionwiththreepara-
meters 𝑎, 𝑏,a n d𝑐, two parameters 𝑎, 𝑏 in numerator and one
parameter 𝑐 in denominator is defined by
2𝐹1,𝑘 (𝑎,𝑏;𝑐;𝑧) =
∞
∑
𝑛=0
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
, (5)
for all 𝑎,𝑏,𝑐 ∈ C, 𝑐 ̸ =0,−1,−2,−3,..., |𝑧| < 1,a n d𝑘>0 .
3. Contiguous Functions for 𝑘-Hypergeometric
Function with One Parameter
If we increase or decrease one and only one of the parameters
of 𝑘-hypergeometric function,
2𝐹1,𝑘 (𝑎,𝑏;𝑐;𝑧) =
∞
∑
𝑛=0
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
(6)
by ±𝑘,t h e nt h er e s u l t a n tf u n c t i o ni ss a i dt ob ec o n t i g u o u st o
2𝐹1,𝑘. For simplicity, we use the following notations:
𝐹𝑘 =𝐹 𝑘 (𝑎,𝑏;𝑐;𝑧) =
∞
∑
𝑛=0
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
, (7)
𝐹𝑘 (𝑎+) =𝐹 𝑘 (𝑎+𝑘 ,𝑏 ;𝑐 ;𝑧 ) =
∞
∑
𝑛=0
(𝑎+𝑘 )𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
, (8)
𝐹𝑘 (𝑎−) =𝐹 𝑘 (𝑎−𝑘 ,𝑏 ;𝑐 ;𝑧 ) =
∞
∑
𝑛=0
(𝑎−𝑘 )𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
. (9)
Similarly, we can write the notations for 𝐹𝑘(𝑏+), 𝐹𝑘(𝑏−),
𝐹𝑘(𝑐+),a n d𝐹𝑘(𝑐−).
Let
𝗿𝑛,𝑘 =
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
. (10)
Then, (7)b e c o m e s
𝐹𝑘 =
∞
∑
𝑛=0
𝗿𝑛,𝑘. (11)
Now, consider (8)a s
𝐹𝑘 (𝑎+) =
∞
∑
𝑛=0
(𝑎+𝑘 )𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
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Since𝑎(𝑎+𝑘)𝑛,𝑘 =( 𝑎 ) 𝑛,𝑘(𝑎+𝑛𝑘),therefore,byusingthisresult
in (12), we obtain
𝐹𝑘 (𝑎+) =
∞
∑
𝑛=0
(𝑎+𝑛 𝑘 )𝗿𝑛,𝑘
𝑎
. (13)
Similarly,wecanwrite(9)byusingtheresult(𝑎+(𝑛−1)𝑘)(𝑎−
𝑘)𝑛,𝑘 = (𝑎 − 𝑘)(𝑎)𝑛,𝑘 as
𝐹𝑘 (𝑎−) =
∞
∑
𝑛=0
(𝑎−𝑘 )𝗿𝑛,𝑘
(𝑎+(𝑛−1 )𝑘)
. (14)
Thuswehavethefollowingsixcontiguousfunctionsfor 2𝐹1,𝑘,
where 𝑘>0 :
𝐹𝑘 (𝑎+) =
∞
∑
𝑛=0
(𝑎+𝑛 𝑘 )𝗿𝑛,𝑘
𝑎
,
𝐹𝑘 (𝑎−) =
∞
∑
𝑛=0
(𝑎−𝑘 )𝗿𝑛,𝑘
(𝑎+(𝑛−1 )𝑘)
,
𝐹𝑘 (𝑏+) =
∞
∑
𝑛=0
(𝑏+𝑛 𝑘 )𝗿𝑛,𝑘
𝑏
,
𝐹𝑘 (𝑏−) =
∞
∑
𝑛=0
(𝑏−𝑘 )𝗿𝑛,𝑘
(𝑏+(𝑛−1 )𝑘)
,
𝐹𝑘 (𝑐+) =
∞
∑
𝑛=0
(𝑐)𝗿𝑛,𝑘
(𝑐+𝑛 𝑘 )
,
𝐹𝑘 (𝑐−) =
∞
∑
𝑛=0
(𝑐+(𝑛−1 )𝑘)𝗿𝑛,𝑘
(𝑐−𝑘 )
.
(15)
By the help of differential operator 𝑘𝜃 = 𝑘𝑧(𝑑/𝑑𝑧),w eg e tt h e
following result:
(𝑘𝜃 + 𝑎)𝐹𝑘 = (𝑘𝜃 + 𝑎)
∞
∑
𝑛=0
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
. (16)
Hence, with the aid of (12), it follows that
(𝑘𝜃 + 𝑎)𝐹𝑘 =𝑎 𝐹 𝑘 (𝑎+). (17)
Similarly, we can also write the following relations as
(𝑘𝜃 + 𝑏)𝐹𝑘 =𝑏 𝐹 𝑘 (𝑏+), (18)
(𝑘𝜃 + 𝑐 − 𝑘)𝐹𝑘 = (𝑐−𝑘 )𝐹𝑘 (𝑐−). (19)
4. Contiguous Relations for
𝑘-Hypergeometric Function
Since there are six contiguous functions to a given function
2𝐹1,𝑘, therefore, we have to obtain the following fifteen con-
tiguous function relations for 𝑘-hypergeometric function
2𝐹1,𝑘,f o ra l l𝑎,𝑏,𝑐 ∈ C and 𝑘>0 . In fact, only four of the
fifteenarereallyindependentasallothersmaybeobtainedby
elimination and use of the fact that the 2𝐹1,𝑘 is symmetric in
𝑎 and 𝑏.
Relation 1. Consider
(𝑎−𝑏 )𝐹𝑘 =𝑎 𝐹 𝑘 (𝑎+) −𝑏 𝐹 𝑘 (𝑏+). (20)
Proof. By subtracting (18)f r o m( 17), we get
(𝑘𝜃 + 𝑎 − 𝑘𝜃 − 𝑏) =𝑎 𝐹 𝑘 (𝑎+) −𝑏 𝐹 𝑘 (𝑏+). (21)
This implies the required relation.
Relation 2. Consider
(𝑎−𝑐+𝑘 )𝐹𝑘 =𝑎 𝐹 𝑘 (𝑎+) − (𝑐−𝑘 )𝐹𝑘 (𝑐−). (22)
Proof. By subtracting (19)f r o m( 17), we obtain
(𝑘𝜃 + 𝑎)𝐹𝑘 − (𝑘𝜃 + 𝑐 − 𝑘)𝐹𝑘 =𝑎 𝐹 𝑘 − (𝑐−𝑘 )𝐹𝑘 (𝑐−)
򳨐⇒ (𝑎−𝑐+𝑘 )𝐹𝑘 =𝑎 𝐹 𝑘 (𝑎+) − (𝑐−𝑘 )𝐹𝑘 (𝑐−).
(23)
Relation 3. Consider
[𝑎+(𝑏−𝑐 )𝑘𝑧]𝐹𝑘
=𝑎(1−𝑘 𝑧 )𝐹𝑘 (𝑎+) −𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
(24)
Proof. Let us consider
𝐹𝑘 =
∞
∑
𝑛=0
(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
. (25)
By the help of differential operator 𝑘𝜃 = 𝑘𝑧(𝑑/𝑑𝑧),w eg e tt h e
following:
𝑘𝜃𝐹𝑘 =
∞
∑
𝑛=1
𝑘(𝑎)𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘 (𝑛−1 )!
. (26)
By shifting the index 𝑛 with 𝑛+1 ,w eg e t
𝑘𝜃𝐹𝑘 =𝑘
∞
∑
𝑛=0
(𝑎)𝑛+1,𝑘(𝑏)𝑛+1,𝑘𝑧
𝑛+1
(𝑐)𝑛+1,𝑘𝑛!
. (27)
Since (𝑎)𝑛+1,𝑘 =( 𝑎 ) 𝑛,𝑘(𝑎 + 𝑛𝑘), (𝑏)𝑛+1,𝑘 =( 𝑏 ) 𝑛,𝑘(𝑏 + 𝑛𝑘),a n d
(𝑐)𝑛+1,𝑘 =( 𝑐 ) 𝑛,𝑘(𝑐 + 𝑛𝑘), therefore, by putting these three
results in (27), we have
𝑘𝜃𝐹𝑘 =𝑘 𝑧
∞
∑
𝑛=0
(𝑎+𝑛 𝑘 )(𝑏+𝑛 𝑘 )𝗿𝑛,𝑘
(𝑐+𝑛 𝑘 )
. (28)
Since (𝑎+𝑛𝑘)(𝑏+𝑛𝑘)/(𝑐+𝑛𝑘) = 𝑛𝑘+(𝑎+𝑏−𝑐)+(𝑐−𝑎)(𝑐−
𝑏)/(𝑐 + 𝑛𝑘),b ys u b s t i t u t i n gt h i sr e s u l ti n( 28), we obtain
𝑘𝜃𝐹𝑘 =𝑘 𝑧
∞
∑
𝑛=0
𝑛𝑘𝗿𝑛,𝑘 + (𝑎+𝑏−𝑐 )𝑘𝑧
∞
∑
𝑛=0
𝗿𝑛,𝑘
+𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧
∞
∑
𝑛=0
𝑐𝗿𝑛,𝑘
𝑐+𝑛 𝑘
=𝑘
2𝑧𝜃𝐹𝑘 + (𝑎+𝑏−𝑐 )𝑘𝑧𝐹𝑘
+𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
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This implies that
(1−𝑘 𝑧 )𝑘𝜃𝐹𝑘
= (𝑎+𝑏−𝑐 )𝑘𝑧𝐹𝑘 +𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
(30)
Now, from (17), we have
(1−𝑘 𝑧 )𝑘𝜃𝐹𝑘 =− 𝑎(1−𝑘 𝑧 )𝐹𝑘 +𝑎(1−𝑘 𝑧 )𝐹𝑘 (𝑎+).
(31)
By comparing these two equations, (30)a n d( 31), we get
[𝑎+(𝑏−𝑐 )𝑘𝑧]𝐹𝑘
=𝑎(1−𝑘 𝑧 )𝐹𝑘 (𝑎+) −𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
(32)
Relation 4. Consider
(1−𝑘 𝑧 )𝐹𝑘 =𝐹 𝑘 (𝑎−) −𝑐
−1 (𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+). (33)
Proof. Let us consider
𝐹𝑘 (𝑎−) =
∞
∑
𝑛=0
(𝑎−𝑘 )𝑛,𝑘𝗿𝑛,𝑘
(𝑎)𝑛,𝑘
. (34)
By applying the differential operator 𝑘𝜃 = 𝑘𝑧(𝑑/𝑑𝑧),w eg e t
𝑘𝜃𝐹𝑘 (𝑎−) =
∞
∑
𝑛=1
𝑘(𝑎−𝑘 )𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘 (𝑛−1 )!
. (35)
By shifting the index 𝑛 with 𝑛+1 ,w ec a nw r i t e
𝑘𝜃𝐹𝑘 (𝑎−) =𝑘
∞
∑
𝑛=0
(𝑎−𝑘 )𝑛+1,𝑘(𝑏)𝑛+1,𝑘𝑧
𝑛+1
(𝑐)𝑛+1,𝑘𝑛!
. (36)
Since (𝑎−𝑘)𝑛+1,𝑘 = (𝑎−𝑘)(𝑎)𝑛,𝑘, (𝑏)𝑛+1,𝑘 = (𝑏+𝑛𝑘)(𝑏)𝑛,𝑘,a n d
(𝑐)𝑛+1,𝑘 = (𝑐 + 𝑛𝑘)(𝑐)𝑛,𝑘, by substituting these three results in
(36), we obtain the following:
𝑘𝜃𝐹𝑘 (𝑎−) =𝑘
∞
∑
𝑛=0
(𝑎−𝑘 )(𝑎)𝑛,𝑘 (𝑏+𝑛 𝑘 )(𝑏)𝑛,𝑘𝑧
𝑛+1
(𝑐+𝑛 𝑘 )(𝑐)𝑛,𝑘𝑛!
= (𝑎−𝑘 )𝑘𝑧
∞
∑
𝑛=0
𝗿𝑛,𝑘 −
(𝑎−𝑘 )(𝑐−𝑏 )
(𝑐+𝑛 𝑘 )
𝑘𝑧
∞
∑
𝑛=0
𝗿𝑛,𝑘.
(37)
This implies that
𝑘𝜃𝐹𝑘 (𝑎−) = (𝑎−𝑘 )𝑘𝑧𝐹𝑘 −𝑐
−1 (𝑎−𝑘 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
(38)
Now, by replacing 𝑎 with 𝑎−𝑘in (17), we get
𝑘𝜃𝐹𝑘 (𝑎−) = (𝑎−𝑘 )𝐹𝑘 − (𝑎−𝑘 )𝐹𝑘 (𝑎−). (39)
By comparing (38)a n d( 39), we get
(1−𝑘 𝑧 )𝐹𝑘 =𝐹 𝑘 (𝑎−) −𝑐
−1 (𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+). (40)
Now, we obtain the remaining contiguous function relations
by elimination and use of the fact that the 2𝐹1,𝑘 is symmetric
in 𝑎 and 𝑏,f o r𝑘>0 .
Relation 5. Consider
(1−𝑘 𝑧 )𝐹𝑘 =𝐹 𝑘 (𝑏−) −𝑐
−1 (𝑐−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+). (41)
Relation 6. Consider
[2𝑎 − 𝑐 + (𝑏−𝑎 )𝑘𝑧]𝐹𝑘=𝑎(1−𝑘 𝑧 )𝐹𝑘 (𝑎+) − (𝑐−𝑎 )𝐹𝑘 (𝑎−).
(42)
Relation 7. Consider
(𝑎+𝑏−𝑐 )𝐹𝑘 =𝑎(1−𝑘 𝑧 )𝐹𝑘 (𝑎+) − (𝑐−𝑏 )𝐹𝑘 (𝑏−).
(43)
Relation 8. Consider
(𝑐−𝑎−𝑏 )𝐹𝑘 = (𝑐−𝑎 )𝐹𝑘 (𝑎−) −𝑏(1−𝑘 𝑧 )𝐹𝑘 (𝑏+).
(44)
Relation 9. Consider
(𝑏−𝑎 )(1−𝑘 𝑧 )𝐹𝑘 = (𝑐−𝑎 )𝐹𝑘 (𝑎−) − (𝑐−𝑏 )𝐹𝑘 (𝑏−).
(45)
Relation 10. Consider
[𝑘−𝑎+(𝑐−𝑏−𝑘 )𝑘𝑧]𝐹𝑘
= (𝑐−𝑎 )𝐹𝑘 (𝑎−) − (𝑐−𝑘 )(1−𝑘 𝑧 )𝐹𝑘 (𝑐−).
(46)
Relation 11. Consider
[2𝑏 − 𝑐 + (𝑎−𝑏 )𝑘𝑧]𝐹𝑘=𝑏(1−𝑘 𝑧 )𝐹𝑘 (𝑏+) − (𝑐−𝑏 )𝐹𝑘 (𝑏−).
(47)
Relation 12. Consider
[𝑏+(𝑎−𝑐 )𝑘𝑧]𝐹𝑘
=𝑏(1−𝑘 𝑧 )𝐹𝑘 (𝑏+) −𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
(48)
Relation 13. Consider
(𝑏−𝑐+𝑘 )𝐹𝑘 =𝑏 𝐹 𝑘 (𝑏+) − (𝑐−𝑘 )𝐹𝑘 (𝑐−). (49)
Relation 14. Consider
[𝑘−𝑏+(𝑐−𝑎−𝑘 )𝑘𝑧]𝐹𝑘
= (𝑐−𝑏 )𝐹𝑘 (𝑏−) − (𝑐−𝑘 )(1−𝑘 𝑧 )𝐹𝑘 (𝑐−).
(50)
Relation 15. Consider
[𝑐−𝑘+(𝑎+𝑏+𝑘−2 𝑐 )𝑘𝑧]𝐹𝑘
=(𝑐−𝑘 )(1−𝑘 𝑧 )𝐹𝑘 (𝑐−) −𝑐
−1 (𝑐−𝑎 )(𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+).
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5. Contiguous Functions for 𝑘-Hypergeometric
Function with Two Parameters
In this section, we obtain contiguous functions for 𝑘-hyper-
geometric function with two parameters. Since we know
𝐹𝑘(𝑎+) = ∑
∞
𝑛=0((𝑎 + 𝑘)𝑛,𝑘𝗿𝑛,𝑘/(𝑎)𝑛,𝑘), 𝐹𝑘(𝑎−) = ∑
∞
𝑛=0((𝑎 −
𝑘)𝑛,𝑘𝗿𝑛,𝑘/(𝑎)𝑛,𝑘),a n d𝐹𝑘(𝑏+) = ∑
∞
𝑛=0((𝑏 + 𝑘)𝑛,𝑘𝗿𝑛,𝑘/(𝑏)𝑛,𝑘),
where 𝗿𝑛,𝑘 =( 𝑎 ) 𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛/(𝑐)𝑛,𝑘𝑛!, therefore, by using these
contiguous functions, we obtain the following contiguous
function with two parameters
𝐹𝑘 (𝑎+,𝑏+) =𝐹 𝑘 (𝑎+𝑘 ,𝑏+𝑘 ;𝑐 ;𝑧 )
=
∞
∑
𝑛=0
(𝑎+𝑘 )𝑛,𝑘(𝑏+𝑘 )𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
.
(52)
Similarly, we can write
𝐹𝑘 (𝑎+,𝑐+) =𝐹 𝑘 (𝑎 + 𝑘,𝑏;𝑐 + 𝑘;𝑧) =
∞
∑
𝑛=0
(𝑎+𝑘 )𝑛,𝑘(𝑏)𝑛,𝑘𝑧
𝑛
(𝑐+𝑘 )𝑛,𝑘𝑛!
,
𝐹𝑘 (𝑎−,𝑏−) =𝐹 𝑘 (𝑎−𝑘 ,𝑏−𝑘 ;𝑐 ;𝑧 )
=
∞
∑
𝑛=0
(𝑎−𝑘 )𝑛,𝑘(𝑏−𝑘 )𝑛,𝑘𝑧
𝑛
(𝑐)𝑛,𝑘𝑛!
.
(53)
Now, we have to prove the following contiguous relations.
Relation 16. It show that
𝐹𝑘 (𝑎−) −𝐹 𝑘 (𝑏−) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+) =0 . (54)
Proof. O n eh a st op r o v et h a t
𝐹𝑘 (𝑎−) −𝐹 𝑘 (𝑏−) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+) =0 . (55)
From Relations 4 and 5,r e s p e c t i v e l y ,w eh a v e
𝐹𝑘 (𝑎−) = (1−𝑘 𝑧 )𝐹𝑘 +𝑐
−1 (𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+),
𝐹𝑘 (𝑏−) = (1−𝑘 𝑧 )𝐹𝑘 +𝑐
−1 (𝑐−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+).
(56)
Therefore, by substituting the values of 𝐹𝑘(𝑎−) and 𝐹𝑘(𝑏−) in
(55), we get
𝐹𝑘 (𝑎−) −𝐹 𝑘 (𝑏−) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+)
= (1−𝑘 𝑧 )𝐹𝑘 +𝑐
−1 (𝑐−𝑏 )𝑘𝑧𝐹𝑘 (𝑐+) − (1−𝑘 𝑧 )𝐹𝑘
−𝑐
−1 (𝑐−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+).
(57)
After simplification, we get the required relation. Consider
𝐹𝑘 (𝑎−) −𝐹 𝑘 (𝑏−) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+) =0 . (58)
Relation 17. It shows that
𝐹𝑘 =𝐹 𝑘 (𝑎−,𝑏+) +𝑐
−1 (𝑏+𝑘−𝑎 )𝑘𝑧𝐹𝑘 (𝑏+,𝑐+). (59)
Proof. From Relation 16,w eh a v e
𝐹𝑘 (𝑏−) =𝐹 𝑘 (𝑎−) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑐+). (60)
This can be written as
𝐹𝑘 (𝑎,𝑏 − 𝑘;𝑐;𝑧)
=𝐹 𝑘 (𝑎−𝑘 ,𝑏 ;𝑐 ;𝑧 ) +𝑐
−1 (𝑏−𝑎 )𝑘𝑧𝐹𝑘 (𝑎,𝑏;𝑐 + 𝑘;𝑧).
(61)
Therefore, by replacing 𝑏 with 𝑏+𝑘in (61), we obtain
𝐹𝑘 =𝐹 𝑘 (𝑎−,𝑏+) +𝑐
−1 (𝑏+𝑘−𝑎 )𝑘𝑧𝐹𝑘 (𝑏+,𝑐+). (62)
Relation 18. It shows that
(𝑐−𝑘−𝑏 )𝐹𝑘
= (𝑐−𝑎 )𝐹𝑘 (𝑎−,𝑏+) + (𝑎−𝑘−𝑏 )(1−𝑘 𝑧 )𝐹𝑘 (𝑏+,𝑐).
(63)
Proof. By consider Relation 9,
(𝑏−𝑎 )(1−𝑘 𝑧 )𝐹𝑘 = (𝑐−𝑎 )𝐹𝑘 (𝑎−) − (𝑐−𝑏 )𝐹𝑘 (𝑏−).
(64)
This may be written as
(𝑏−𝑎 )(1−𝑘 𝑧 )𝐹𝑘 (𝑎,𝑏;𝑐;𝑧)
= (𝑐−𝑎 )𝐹𝑘 (𝑎−𝑘 ,𝑏 ;𝑐 ;𝑧 ) − (𝑐−𝑏 )𝐹𝑘 (𝑎,𝑏 − 𝑘;𝑐;𝑧).
(65)
Now, by replacing 𝑏 with 𝑏+𝑘in Relation 9,w eo b t a i n
(𝑐−𝑘−𝑏 )𝐹𝑘
= (𝑐−𝑎 )𝐹𝑘 (𝑎−,𝑏+) + (𝑎−𝑘−𝑏 )(1−𝑘 𝑧 )𝐹𝑘 (𝑏+,𝑐).
(66)
6. Conclusion
Inthisresearchwork,wedeterminedthecontiguousfunction
relations for 𝑘-hypergeometric function with one and two
parameters. So we conclude that if 𝑘→1 ,w eo b t a i nG a u s s
andRainvillecontiguousfunctionrelationsforhypergeomet-
ric functions.
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